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364 6 Statistics and Sampling Distributions

Exémpie Consider a simulation experiment in which the population distribution is quite skewed.
Figure 6.5 shows the density curve for lifetimes of a certain type of electronic control. This is actually
a lognormal distribution with E[In(X)] = 3 and V[In(X)] = 0.16; that is, In(X) is normal with mean 3
and standard deviation 0.4. '

fx)
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Figure 6.5 Density curve for the simulation experiment of Example 6.4:
a lognormal distribution with E(X) =21.76 and V(X) = 82.14

Imagine the statistic of interest is the sample mean, X. For any given sample size n, we repeat the
following procedure k times:

® Generate values xy, ..., x, from a lognormal distribution with the specified parameter values;
equivalently, generate y,, ..., y, from a N(3, 0.4) distribution and apply the transformation x = ¢
to each value.

e Calculate and store the sample mean % of the 7 x-values.

We performed this simulation experiment at four different sample sizes: 7 = 5, 10, 20, and 30. The
experiment utilized k = 1000 replications (a very modest value) for each sample size. The resulting
histograms along with a normal pfobability plot from R for the 1000 ¥ values based on 7 = 30 are
shown in Figure 6.6 on the next page.

The first thing to notice about the histograms is that each one is centered approximately at the
mean of the population being sampled, 11y = &3+%16/2 - 21 76. Had the histograms been based on an
unending sequence of ¥ values, their centers would have been exactly at the population mean.

Second, note the spread of the histograms relative to each other. The smaller the value of n, the
greater the extent to which the sampling distribution spreads out about the mean value. This is why
the histograms for n = 20 and 7 = 30 are based on narrower class intervals than those for the two
smaller sample sizes. For the larger sample sizes, most of the ¥ values are quite close to uy. This is the
effect of averaging. When # is small, a single unusual x value can result in an ¥ value far from the
center. With a larger sample size, any unusual x values, when averaged in with the other sample
values, still tend to yield an ¥ value close to bx. Combining these insights yields an intuitively-
appealing result: X based on a large n tends to be closer to u than does X based on a small n.

Third and finally, consider the shapes of the histograms. Recall from Figure 6.5 that the population
from which the samples were drawn is quite skewed. But as the sample size n increases, the
distribution of X appears to become progressively less skewed. In particular, when n = 30 the
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distribution of the 1000 X values appears to be approximately normal, a fact validated by the normal
probability plot in Figure 6.6e. We will discover in the next section that this is part of a much broader
phenomenon known as the Central Limit Theorem: as the sample size n increases, the sampling
distribution of X becomes increasingly normal, irrespective of the population distribution from which

values were sampled.
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Figure 6.6 Results of the simulation experiment of Example 6.4: (a) X histogram for n = 3;
(b) X histogram for n.= 10; () X histogram for n = 20; (d) X histogram for n = 30;
(e) normal probability plot for n = 30 (from R) |
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